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E'o-semigroups on type III factors 
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Abstract 



In this paper we exhibit examples of extendable endomor- 
phisms on factors of type III. Using one of the necessary con- 

^sO , ditions obtained for extendability in [BISS , we prove that the 

CAR flows ([G]) on type III factors arising from most quasi- 
free states are not extendable, thereby showing that there do 

^^ ' exist non-extendable endomorphisms on type III factors. We 



know from |Arv] that CCR flows and CAR flows on type I fac- 
tors with the same Arveson index are cocycle conjugate. But 
,-G , our result together with [MS will show that CCR flows and 

CAR flows on type III factors are not cocycle conjugate. 

1 Introduction 

A weak-* continuous semigroup of of unital *-endomorphisms on a 
■^j- ■ von Neumann algebra is called an -Eo-semigroup. -E^-semigroups on 

type one factors have receivded much atention (see the monograph 
[Arv] for an extensive reference). The study of -Bo-semigroups on 
type Hi factors was initiated by Powers in 1998 (see [Pr] ) . There 
£T) ■ was little progress on -E^-semigroups on type II\ factors until the 

results independently obtained recently in |Alev| and [MS] ). 

On the other hand, -E^-semigroups on type III factors had not 

received too much attention. Recently there has been an attempt 

5_i . to study .Bo-semigroups on arbitrary factors (see |BISS| . [A~BSj). 

In [BISSj, we studied a certain class of endomorphisms and Eq- 

semigroups which we call extendable. 

In section 3 we willl give some examples of extendable endomor- 
phisms on type HI factors. In section 4 we study CAR flows on type 
III factors and prove that they are not extendable. Also we point 
out an error in [ABS]. 

In section 5 we study the relations between CCR and CAR flows 
on type III factors. 



2 Preliminaries 

2.1 Extendable Endomorphism 

We begin by recalling some facts from [BISS] that will be used often 
in the sequel. Assume that is a faithful normal state on a factor 
M. Let Am be the left regular representation of M onto B(L 2 (M, (ft)). 
Identify x £ M with \m(x). For the modular conjugation operator, 
we simply write J for {3$). Thanks to the Tomita-Takesaki theorem, 
we know that 

• j := 3(-)3 is a *-preserving conjugate- linear isomorphism of 
B(L 2 (M,(ft)) onto itself, which maps M and M' onto one an- 
other, and that 

• 1m is a cyclic and separating vector for M'. 

We assume that 9 is a normal unital *-endomorphism, which 
preserves (ft. The invariance assumption (ft o 9 = (ft implies that there 
exists a unique isometry ug on L 2 (M, eft) such that uqxIm = 9(x)1m, 
which in turn implies that ugx = 9{x)ug Vx £ M. Recall the follow- 
ing definition from [BISS]. 

Definition 2.1. If M, (ft, 9 are as above, and if the associated isome- 
try ug of I? (M, (ft) commutes with the modular conjugation operator 
J{= 3$), then 9 is called an equi-modular endomorphism of the 
factorial non- commutative probability space {M,(ft). 

Suppose 9 is an equi-modular endomorphism of a factorial non- 
commutative probability space (M,(ft). Then the equation 9'(x') = 
39{3x' 3)3 defines a unital normal *-endomorphism of M' , which 
preserves the state given by 4>'(x') = (ft(3%'3)', an d we have the 
identifications L 2 {M',9') = L 2 {M,(ft), ljvf = 1m and ugi = ug (for 
details see JBISSJ). For convenience of reference, we include this 
definition from [BISSJ . 

Definition 2.2. Let 9 be an equi-modular endomorphism of a facto- 
rial non- commutative probability space (M,(ft) in standard form (i.e., 
viewed as embedded in C{L 2 (M, (ft)) as above). Then 9 is called ex- 
tendable if there exists a unital normal *- endomorphism 9^ 2 ' of 
£{L 2 (M,(ft)) such that 9^ 2 \x) = 9(x) and9^ 2 \j{x)) = j{9(x)) for all 
x £ M. 



2.2 Extendable i^-semigroup 

Definition 2.3. {at : t > 0} is said to be an E^-semigroup on a von 
Neumann probability space (M,(f>), if 

1. at is a (^-preserving normal unital *-homomorphism of M for 
each t > 0; 

2. a t oa s = a t+s Vs.t'geqO; 

3. ao = i&M] an d 

4- [0, oo) 3 1 1-> p{at{x)) is continuous for each x G M, p G M*. 
/£ is called extendable Eo-semigroup if fol all t > 0, at is extendable. 

3 Example 

[BISS| exhibited a class of extendable endomorphisms on some II\ 
factors. Suppose 6 is such an extendable endomorphism of a II\ 
factor (N,tr), and let (M, c/>) be any type III factor with a faithful 
normal state. Then consider the von Neumann probability space 
(M ® TV, ® tr). Then M (8) TV is a type /// factor, and id M ® 6* : 
M ® JV i— T-MigDiVis clearly a equi-modular endomorphism, since 
is equi-modular. An easy computation using any of the equivalent 
conditions in Corollary 3.5 of [BISS^ shows that idM®6 is extendable. 

4 CAR Flow 

Let T~L = L 2 (0,oo) ® /C, where /C is any Hilbert space. Let F-(T~L) 
denote the anti-symmetric Fock space. For given / G H, let a(/) be 
the creation operator in B{F-(J-L)); thus: 

1. 7-^3/ i — > a(/) is C-linear, 

2. (CAR) 

a(/)oG/) + a(g)a(f) = and a(f)a(g)* + a(g)*a(f) = (/, g)l, 

where /, g G H. Let .A be the unital C*-algebra generated by {a(f) : 
/ G ^} in B(F-{H)). We note that ||o(/)|| = ||/|| for / G %. 
Now suppose R G B('H) satisfies < R < 1, where of course 1 is 
the identity operator id-^. The operator R determines the so-called 
quasi-free state cor on A which satisfies the condition: 

UR{a*(f m ) ■ ■ ■ a*{fi)a(gi) ■ ■ ■ a{g n )) = 5 mn det((fi, Rgj)). 



It is known - see }BrRo| . [G] - that there exists a representation ttr 
of the C*-algebra A on the Hilbert space Hr = F-{U) <g> F-{U) 
defined by the formulae 

7Th(o(/)) = o((l - R) 1/2 f) ® r + 1 <8> a*(qR l ' 2 f), 
7T B (o*(/)) = o*((l - i?) 1/2 /) ® r + 1 ® a{qR l / 2 f), 
7Tfl(l) = 1, 

where f EH. Here fi is the 'vacuum vector' for the antisymmetric 
Fock space J--(H), q is an anti-unitary operator on % with q 2 = 1, 
and T is the unique unitary operator on F-{H) satisfying the condi- 
tions Ta(f) = — a(/)r, f E H, and TQ = £1. In this representation, 
the state ljr becomes the vector state 

co R (x) = {Q <g> f2, 7r R (x)ri <g> fl), 



for i€i, and Hr = ^-(H) <8> F-(H) = ttr(A)£1 <8> fi becomes the 
GNS Hilbert space, under the assumption that both R and 1 — R 
are injective (and hence also have dense range). So (ttr,Hr, fi <8> fi) 
is the GNS triple for the C*-algebra A with respect to the state ujr. 
We write Mr = {ttr(A)}", which is always a factor, most often of 
type III (see |PoSt] Theorem 5.1 and Lemma 5.3). 

Let {st}t> be the shift semigroup on H- Assume s*Rst = R for 
all t > 0. Then, by [Arv] Proposition 13.2.3 and [PoStj Lemma 5.3, 
there exists an .Bo-semigroup a = {at : t > 0} on Mr, where at is 
uniquely determined by the following condition: 

at(7Tfl(a(/)) = 7Tfl(o(s t /)), 

for all / G %,£ > 0. This -Eb-semigroup is called the CAR flow of 
rank dim K, (on Mr). 



For the remainder of this paper, we shall assume the following: 

1. qst = stq for all t > 0. (Such a g always exists.) 

2. We write cjr(/) for 7Tfl(a(/)) whenever f EH, and write J7 for 
the modular conjugation operator of Mr. 

3. Both i? and 1 — i? are invertible; i.e., 3e > such that e < R < 
1-e. 



4. R is diagonalisable; in fact, there exists an orthonormal basis 
{fi} for K, with Rfi = Aj/j for some A, G [e, 1 - e] \ {^}. 

5. Rst = SfR Vt > 0. (Clearly then, also the Toeplitz condition 
s^Rst = R is met.) 

As we are unaware of whether, and if so where, these details may 
be found in the literature, we shall explicitly determine the modular 
operators in this case, and eventually ascertain (in Remark I4.6P the 
equi-modularity of the CAR flow. 

For any (usually orthonormal) set {w;j}i g N in "H, we shall use the 
following notation for the rest of the paper: if / = (i\ , 12, ■ ■ ■ , i n ) and 
J = 0'i> J2> • • • ,jm) are ordered subsets of N, then 

1. wi = w i:L A • • • Awj„, 

2. wu = w il A---Aw in /\w jl A---/\ w jm , 

3. Twj = Twjj A • • • A Twi n for any operator T G B{1~L); 

4. I = {i n ,--- ,k} so Wj = w in A ••• Awjj] 

5. a R (w I ) = a R (w h )---a R {w in ), 

6- a* R (f) = (a R (f))* , so a^Wj) =: a* R (w in ) ■■■ a R ( Wll ) =: (a R ( Wl ))*, 

For a while, to simplify the notations, we write A = (1— R) 1 ' 2 , 1? = 
qR 1 ' 2 and notice that 

{Bhi,Bhj) = {qR l l 2 h u qR l / 2 h j ) 

= (R ' hj,R ' hi) since q is anti-unitary 

= (Rhj,hi) 

= OijAj . 

Lemma 4.1. Let L = {li < ■ ■ ■ < l p } be an ordered subset of N. 
Then we have 

a R (h L )a R (h L )n ®n = Y^ c(Lx)Ah Ll ® B^ , (4.1) 

where the summation is taken over all ordered (possibly empty) sub- 
sets L\ of L and the c{L\) are all non-zero real numbers - with Ah$ 
and Bh§ being interpreted as Q. 



1 For us, an ordered subset of N will always mean a finite subset of N with 
elements ordered in increasing order 



Proof. We will use induction on the cardinality of L. If \L\ = 1, i.e 
L = {/}, then observe that 



aR(hi)a* R (hi)Q <g> SI - a,R{hi)£l®Bhi 



^4/1/ ® B/t; + ||.B/lz|| 2 ft <g> ft 



Thus our lemma is true if \L\ = 1. Suppose the result is true for 
ordered sets with n elements. Let / G N such that I ^ L = {l\ < 
■ ■ ■ < l n } an d l n < I- Then we have, 

a R (h L )a R (hi)a* R (hi)a* R (hi)£L <g) ft 

= (-l) 3]L] a R (hi)a* R (hi)a R (h L )a* R (h L )n ® « 
= (-l) |L| a K (^)afl(/iz)^ c ( L i)^ii ®S/» Ll 
= (-l) W a R (hi) Y^ c(L x )Ah Lx ® Bhi A Bh Ll 
= ^(-l) |L|+1+|Ll| c(Li)^ A Ah Ll ® Bhi A £/^ a 

+ Y J (-l) lLl \ic(L 1 )Ah Ll ® Bh Ll 
= 5Z(-l) |L|+1+|Ll| c(Li)A/ lLl A A/»j <8> Bfr Ll A 5/1, 

+ x^(- l ) |I,lc ( L i) A ^^i ® 5/i ii 

and the induction step is complete. □ 



Corollary 4.2. Let L = {l\ < ■ ■ ■ < l p } so that, by Lemma [777 
equation \4-l\ is satisfied. Then we have 



(i) a R (s t h L )a R (s t h L )Q, ® ft = y^ ciL^Asth^ ® Bs t h Ll , \/t > 0; 

(ii) a R (hi)a R {h L )a R (hi)a R (hj)£l(d£l 

= ^(-l) |/||J|+|Ll|(|/|+|J|) c(Li)A/i / A ^/i Ll B/i Ll A B/tj 

(m) aR(sthi)aR(sthL)a R (s t hi)a R (s t hj)Q <8> ft 

= ^(-l) 1711 J|+|Ll|(|/|+|J|) c(Li)As t / 1/ A As t /i Ll 8) Bsttai A B/»j, Vt > 

where I and J are finite ordered subsets of N to£/i InJ = lDL = 
L n J = <p, and the summation is taken over all ordered subsets L\ 
ofL . 

Proof. 1. For the first part we use induction on cardinality of L. 
If \L\ = 1, then L = {1} and 

a R (hi)a* R (hi)Q <g> ft = -Ahi <g> Bhi + A/JT2 ® ft. 



Our strong Toeplitz assumption (that St commutes with R and 
hence also with A and B) then guarantees that 

a-R{sthi)a* R {sthi)£l ® fi = —Asthi Bsthi + A^ <g) £1 

and part one of the corollary is true for \L\ = 1. Suppose the 
result is true for ordered sets with n elements. Let I £ N such 
that I (ji L = {l\ < • • • < /„} and l n < I. Then the proof of 
Lemma |4 . 1 1 shows that 

a R {h L )a R (hi)a* R {h- L )a* R (hi)Vt <g) tt 

= ^(-l) |L|+1+|Ll| c(Li)(^/ J/ A Ah Ll ® Sft, A S/i Ll 



On the other hand, arguing as in the proof of Lemma 14.11 and 
appealing to the Toeplitz condition, we observe that 

aR(sth L )a R (sthi)a R (sthi)a R (s t hi)Q <g> (7 

= ^(-l)l L l +1+ l Ll l C (L 1 )(,4 St / 1; A As t h Ll Bs t hi A Bs t h Ll 

+ (-l)^^X l As t h Ll (S)B St h Ll ). 

This completes the inductive step in the proof of (i) . 
2. This easily follows from: 

a R (hj)a R (h L )a R (h L )a R (hj)n <g> tt 

= a R (hi)a R {hj)a R (h L )a R (hi)Sl Q 
= a R (hi)a R (hj) ^ c(L x )Ah Ll <g> Bh Ll 
= a R (hi) V] c(Li)A/ii (8) Bhj A S/i L 

= J^ c(Li)(-l) |/|(l J|+|Ll|) ,4/i/ A Ah Ll ® Bfrj A B/i Ll 

= ^c(Li)(-l) |/|(|J|+|Ll|) (-l) |J||Ll U/ 1/ A Afcn ® ^J A S^n 

= ^(-l) 11 " J|+|Ll|(|/|+|J|) c(Li)^/i 7 A A/i Ll ® Bh Ll A Bfrj 



3. Part (hi) of the Corollary follows from part (i) of the Corollary, 
exactly as part (ii) of the Corollary follows from equation 14.11 

□ 



Remark 4.3. 1. In the above corollary observe that the coeffi- 
cients in the expansion of aR(hi)aR(hi)a R (hf j )a R (hj)Q (g) Vt 
are symmetric in I and J , that is if we interchange I and J , 
then the corresponding coefficient will not be changed. 

2. Since we have assumed that both R and 1 — R are infective 
(and have dense range), we may deduce from Corollar y. 6 3[ ii) 
and the fact that every coefficient c{L{) is non-vanishing, that 
Ur = 7r R (A)n <g> O = T-(U)®T-(U). 

Now the following lemma describes the action of the modular 
conjugation J and the commutant of Mr. 

Lemma 4.4. With the above notation, 

(i) J (hi A h L (g> qh L A qhj) = hj A h L ® qh L A qhj 

(ii) JM R J = M' R = {T ® Fb R (hi), b* R (hj)T ®T:i,j£ N}" 

(Hi) Ja R (hi)J = T®Tb R (hi) 

where b R (h) = a(R 1 / 2 h) ® T - 1 ® a*(q(l - R) 1/2 h). 

Proof. Recall the definition of the anti-linear (Tomita) operator S, 
given by Sx£l (%> il = x*£l & fi , x & Mr. We want to show the 
following expression for S: 

S(Ahi A Ah L (g> Bh L A Bhj) 

= Ah j A Ah L (g> Bh L A Bh } (4.2) 

The proof is again by induction on the cardinality of L. For \L\ = 0, 
the above assertion follows from 

S((l - R) 1/2 hi ® qR 1/2 hj) 

= Sa R (hi)a R (hj)(Q, <g> O) 
= aR(hj)a R (hi)(n®n) 
= (l-R) 1/2 hj®qR 1/2 h f 

Assume now that \L\ = n and that we know the validity of equa- 
tion H]2] whenever \L\ < 1. 

The point to be noticed is that Corollary I4.2f ii) may be re- written 
- in view of (i) each c(L\) (and c(L) in particular) being non-zero, 
and (ii) Remark 14. 3( i) - as: 



Ahi A Ah L <g) Bh L A Bhj 

= daB{hi)aR{hL)a* R {h- L )a* R {hj)Vl ® fi 

+ V] d{L x )Ahi A A/iij <8> 5/i Ll A S/i,, 



(4.3) 
(4.4) 

(4.5) 



LiCL 



where the constants d, d(L\) are all real and remain unchanged under 
changing (I, J) to (J, I). 

Now apply S to both sides of the above equation. Then the two 
terms on the right side get replaced by the terms obtained by replac- 
ing (I, J) by (J, I) (14.41 by definition of S and 14.51 by the induction 
hypothesis regarding 14. 2p . thereby completing the proof of equation 
1421 



Equation (14. 2D clearly implies that 

S(hi qhj) = ((1 - fyR- 1 ) *hj®q ((i?(l - fl) 



ft, 



(4.6) 



(even if J n J ^ 0; consideration of their intersections was needed 
essentially in order to establish Lemma 14.11 and thereby deduce the 
foregoing conclusions.) 

Let V be the linear subspace spanned by {hi® qhj : \I\,\J\ > 0}. 
Thus T> is an obviously dense subspace of Hr which is contained in 
the domain of the Tomita conjugation operator S, where its action is 
given by equation 14.61 We now wish to show that V is also contained 
in dom(S*) and that S*\x> is the operator F defined by the equation 



F(h I ®qhj)= ((Ril-R)- 1 
Indeed, notice that 

{S(hi ®qhj,hp 

= ({(l-R)R~ 1 

= (((1-R)R- 1 

= (((l-R)R- 1 

= ((R(l-R)- 1 

= ((R(l-R)- 1 

= (F(hr <g> qhji), hi <g> qhj) 



2 h]®q ((1 - R)R 



-i\ 



hi (4.7) 



qhj') 

hj ® q (R(l - R)- 1 )^ hj, hp <S> qhj,) 
hj,hp)(q(R(l- R)- 1 )* h f ,qhj,) 
hj,h fl ){hj„(R(l - R)- 1 )^ hi) 
h Jl ,h I )(q((l-R)R- 1 )h !n qhj) 
hj, <S> q ((1 - R)R~ 1 Y 2 hp,hi ® qhj) 



Then, as S and F leave T> invariant, we see that 

FS(hi <8 qhj) 

= F(((l - RjR-rfhj) ® g (R(l - R)- 1 )* hj) 
= R(l - R)' l hi <8 q(l - R)R~ l hj 

If S = J' A 1 ' 2 is its polar decomposition, with J the modular 
conjugation and A the modular operator for Mr, the action of J and 
A on T> are thus seen to be given by the following rules respectively: 

J {hi f\h L ® qh L A qhj) = hj A /i£, (8 qh L A qhj 

J{n ®0) = 0®!1 = A(0 (8 0) 
and 

A(/i 7 A /i L <g> qh L A gfrj) 

= 12(1 - Ry l hi A 12(1 - RY l h L <8 q{\ - R)R' 1 )h L A q{\ - R)R~ l hj 



This proves part (i) of the Lemma, while the prrof of parts (h) and 
(iii) only involve of the following facts: 

1. Lemma 14. II and Corollary 14.21 imply that Mr{CI (8 fl) is dense 
in 71 (H)(8) F-CH)] 

2. Lemma KM (i) implies that .7(2?) = £> 

3. A painful but not difficult case-by-case computation reveals 
that 

Ja R {f)J = {T®r)b R {f)£M R \/f 

□ 

The fact that St commutes with R is seen to imply that the state 
lor is preserved by the CAR flow {at : t > 0} and hence there exists 
a canonical semi- group {St '■ t > 0}of isometries on H# such that 

5 t (x(fi (8 ft) = a t (x)(ft (8 ft) Vx G Mr. 

The next lemma relates this semigroup {St ■ t > 0} of isometries on 
%r and the shift semigroup {sj : t > 0} of isometries on "%. 
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Lemma 4.5. Let {/ij}j<=n be the orthonormal basis of % as above. 
Then for every t > 0, we have, 

S t (h L A hi® qh L A qhj) = s t h L A s t hi <g> qs t h L A qs t hj, 

where I, J, and L are ordered subsets of N with InJ = InL = 
LC\J = <j). 

Proof. From the proof of the Lemma 14.41 we have 

Ahi A Ah L <g) Bh L A Bhj 

= daR(hL)aR(hi)a* R (hi)a* R (hj)Q <g> 

+ V" d 1 (L 1 )Ahi A Ah Ll <g> Bh Ll A Bhj, 



where d, d\ are non-zero real numbers. Again from of the corollary 
I4.2f iii). we also have, 

As t hi A As t hi <S> Bs t h L A Bs t hj 

= daR(sthL)aR(s t hi)a R (s t hi)a R (sthj)Q <g> Vt 

+ J2 dx{Lx)Asthi A As t h Ll ® Bs t h Ll A Bhj. 

So finally to prove our Lemma, again we use induction on the cardi- 
nality of L. For \L\ = or 1, it is a easy calculation, suppose \L\ = n 
and our Lemma is true for all ordered subset L\ of L with \L\\ < \L\. 
Then observe that, 

As t hi A As t hi <S> Bs t h L A Bs t hj 

= da R (sth L )a R {sth I )a R (sthi)a R (s t hj)Q, <g) Q 

+ J2 di(Lx)As t hi A As t h Ll ® Bs t h Ll A Bhj. 

= S t da R (h L )a R (hi)a R (hi)a R {hj)Q. <g> Q, ( Recall S t ) 

+ StC%2 l di(L 1 )Ahi/\Ah Ll <S> Bh Ll ABhj) 
= S t [da R {h L )a R (hi)a R (hi)a R (h j)VL <g> tt 

+ ^2 di(Li)Ahi A Ah Ll <g> Bh Ll A Bhj] 
= StiAhj A Ah L (8) Bh L A B/ij) 

So we have 
S t (Ahi A vl/ii <8> -B/i L A S/ij) = As t hi A ^s^ <g> Bs t h L A Bs t hj. 
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As we have stR = Rst, clearly above implies, 

S t (h L A hi <g qh L A qhj) = s t h L A s t /i/ <g qs t h L A qs t hj, 

D 

Remark 4.6. Using the definition of St and J , it easily follows that 
StJ = J St for all t > 0, which implies that at is equi-modular en- 
domorphism for every t > . So now we are in the perfect situation 
to talk about the extendability of the CAR flow and under the above 
assumptions on R, we prove that CAR flows are not extendable. 

Now our aim is to explicitly determine (at(Mn)' n Mr)(£1 (g fi) 
for the CAR flow a = {a t : t > 0}. 

Let V and J- denote copies of N - where we wish to think of J- 
and V as signifying the future and past respectively. Let us write 
fi = Sthi, so {fj}j^jr is an orthonormal basis for L 2 (£, oo) (g /C. Also 
consider an orthonormal basis {ej}j e p of L 2 (0, t) (g /C. Then clearly 
{e-i}ieV U {/jljeJ 7 i s an orthonormal basis for L 2 (0, oo) (g /C. 

Let FlJ 7 ) and F(V) denote the collections of all finite ordered 
subsets of T and V respectively. Then C = {vj 1 j 1 (g qvj 2 j 2 : I±, I 2 G 
F(V), J±, J 2 G -^X-? 7 )} is an orthonormal basis for F-(H) (g T-(H), 
where u/j = e^ A e i2 A • • • A e in A /^ A f J2 A ■ ■ ■ A / Jm , with I = {n < 
«2 • • • < in} C V and J = {ji <j 2 --- j m C J 7 }. 

Now if T € B(Hr), we will be working with the expansion of 
T(J1 <8> 0) with respect to above orthonormal basis. Let us fix an 
I G J- . We shall write T(£l <g O) in the following fashion, paying 
special attention to the occurrence or not of I in the first and/or 
second tensor factor: 

T(Q <g O) = y^(poo(JiJi,J2«/2) v/iJi <g g"v/ 2 j 2 

+ pn(/i J\,I 2 J 2 ) fi A ui lt7l <g qfi A gt>/ 2 j 2 ) 
+ ^ u o(IiJi,I 2 J 2 ) v hJl <g gv/ 2 j 2 
+ ^ ""10 ( A ^1, hJi) fi A vjj jj (g qv h j 2 
+ ^2 uoiihJuhh) v hJl <g g/j A gt>/ 2 j 2 
+ ^2 u 11 (I 1 J 1 ,I 2 J2) fi A ^ jj (g g/j A gf/ 2 j 2 . (4.8) 

Here and in the sequel, it will be tacitly assumed that the sums range 
over ((I 1 J 1 ),(I 2 ,J 2 )) G (F(7>) x ^(.F)) 2 - where we write F t (T) = 
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F(F\{1}) - and p mn ,u mn : {(JiJi, J 2 J 2 ) : h G F(P),J t G F(F)} -)• 
C,m,n G {0,1} where it is demanded that spt(poo) = sp£(pn) and 
that spt(pn), spt(«oo)>sp^(wio)j sp^(^oi) and spt(u\\) are all disjoint 
sets - where we write spt(f) for the subset of its domain where the 
function / is non-zero. When necessary to show their dependence 
on the index I, we shall anoint these functions with an appropriate 
superscript, as in: p l u (IJ,I'J'). 

The letters p and u are meant to signify 'paired' and 'unpaired'. 
Thus, suppose I G F, I,L G F(P), and J,K G Fi(F). If both vu <g) 
gvLir and fi/\vu®qfi/\qvLK appear in the representation of T(fi<8)fi) 
with non-zero coefficients, then we shall think of (/J, KL) as being 
an l-paired ordered pair. Thus spt(poo) = spt(pn) is the collection 
of /-paired ordered pairs, while U^ n= Qspt(u mn ) is the collection of 
/-unpaired ordered pairs. 

Note that in such an expression of T(Q $1) with respect to 
different /, the type of a summand may change but the coefficients 
remain the same up to sign, since two vectors anti-commute under 
wedge product. We also note that T(Q <g) Q) has been written with 
respect to the basis C = {v h j 1 ®qv l2 j 2 Jif\v h j 1 ®qv l2 j 2 ,v Il j 1 ®qfi/\ 
QVi 2 j 2 ,fi A v hJl (g> qfi A qvi 2 j 2 : h G F(V), J r G F(F)}. There are 
five types of sums in the representation of T(Cl ® £1). For simplicity 
of notation, let us write: 

(*) fr(p) = ^2 (^oo (hJi, h h ) v h , h <g> qv h j 2 
+ PiiihJi^hh) fl A v hJl qfi A qv l2 j 2 ) 
(ii) £r(«oo) = ^2 uoo{I 1 Ji,I 2 J2) v hJl <g> qv h j 2 
(Hi) £r(«io) = ^2 u 10 (I 1 J 1 ,I 2 J2) fl A v hJl qvi 2 . h 
(iv) Ct(uoi) = 5Z u oi{hJi,hJ2) v hJl <g) qfi A ov/ 2 j 2 
(v) Ct(uh ) = ^ un (Ii Ji , J 2 J 2 ) //A u/j j x o/i A gt>/ 2 j 2 , 

and 5 = {p, Uoc'^iOj^oij'Uii}- So we have: 

ires 
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We also write: 



W Al = (l_ Af )l/2 Q ^^)' 

(it) A 2 = ^-T®Tb R (fi) 

(Hi) B x = — ^afl(/i), 

H ^ = (1 _"^)i/2 6 ^)(T8>r) 



There is an implicit dependence in the definition of the Aj's and 
-Bi's of the preceding equations on the arbitrarily chosen I £ J 7 . When 
we wish to make this dependence explicit (as in Theorem 14.71 below) . 
we shall adopt the following notational device: Ai = {Ai,A 2 } and 
B[ = {B\,B2}. We shall frequently use the following facts in the 
sequel: 

1. RWfi = R^s t h = X^fr, 

2. (1 - R) l l 2 f t = (1 - Rfl^sth = (1 - X t ) 1/2 fr, and 

3. /, ® fl, fi ® /, € ran(£ t ) V/GJ. 

Theorem 4.7. //Tg B(Hr) satisfies A x T(£l <g) O) = A 2 T(0 fi) 
and BiT{Q,®VL) = B 2 T(Q,®VL) for A u A 2 €Ai 1 B 1 ,B 2 €B i and for 
all I 6 J 7 , i/ien 

™®!JC [{t^ ® ^/ 2 : Ji,I 2 € F(P), (-l)^ = (-l) |/2| j], 

where [ ] denotes span closure. 

We start with a T G B(Hr), which satisfies the hypothesis of 
the above Theorem 14.71 and write T(0 ® O) as in 14.81 , for an ar- 
bitrary choice of index I. Then we go through the following Lem- 
mas and prove that the coefficient functions Poo,Pn,uio,uoi, Uu are 
identically zero, while the support of uoq is contained in the set 
{(/iJi,/ 2 J 2 ) : J\ U J 2 = 0,(-l) 1711 = (-1) |/2| |. The truth of this 
assertion for all choices of I will prove our Theorem 14.71 We start 
with a Lemma regarding the representation of T(Q <S) 0). 
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Lemma 4.8. Let r)(x) (resp., T](y)) be a summanq 2 ] of the sum £t(x) 
(resp, T](y)), where x,y G S. Then (r](x) , Tj(y)) = implies that 
(Xn(x), Yn(y)) = 0, for all x,y G S and X,Y G A or X,Y G B. 

Proof. This follows from (i) the assumptions that spi(poo) = spt(pu), 
(ii) sp(pu), spt(uQo),spt(uio), spt(uoi) and spt(uu) are all disjoint 
sets and (iii) the definition of the action of X, Y on n(x). □ 

Lemma 4.9. If A t T(n®n) = A 2 T(fi®0) ; then A^ T (x) = A 2 £ T (x) 
for all x G S. Similarly if BiT(£l (g) fl) = B 2 T(Q <g> 0) ; £/ien 
B^ T (x) = B 2 £t{x) for all xeS. 

Proof. This follows from 

U04! - A 2 )T(Q &> f))|| 2 = ^ ||(A! - A 2 )Z T {x)\\ 2 , 

xeS 

which is a consequence of Lemma 14.81 □ 

Now onwords we assume that T satisfies the hypothesis of the 
Theorem 14.71 and with the foregoing notations we have the following 
Lemma regarding the coefficients of the representation of T(f2 <8> Q). 

Lemma 4.10. pqq, pn, Uqq, u\q, Uqi, Uh satisfy the following equa- 
tions: 



(i) o-(I 2 , J2)poo(hJi, I2J2) +Pu(hJi,hJ2) 



A 



1/2 
l 



(l-Xi) 1/2 



= O-(I 1 ,J 1 )p 0Q (I 1 J 1 ,I 2 J 2 )+p(I 1 J 1 ,I 2 J 2 )p 11 (I 1 J 1 ,I 2 J 2j ! 2 

\ 

(ii) o-(I 2 ,J 2 )uoo(hJi,I 2 J 2 ) = a(Ii,Ji)u o(hJi,I 2 J 2 ), 

A 1/2 (1 - A 1/2 

(iii) «oi (i"i J\ J2J2) , _ l , 1/2 = *u 01 (h Ji , I 2 J 2 ) J 2 , 

A 1 ^ 2 (1 — A ) 1 / 2 

(iv) -kun(hJi,I 2 J 2 ) (1 _ l x)1/2 = *un(hJi,hJ2) — -yi — , 

(w) * -^ Ui (IiJi,I 2 ^2) = *t; — TTi79 U ioUi^i,/2«/2) 

aJ /2 (i - ^) 1/2 

w/iere a : F(V) x F(J"} -»■ {1, -1} is defined by a (I, J) = (-1)I 7 I+I J I ; 
p : {(I1J1J2J2) : h G i J '(^),Ji G ^(^)} -> {1,-1}, de/med by 

p(/iJi,/ 2 J2) = (-l) |/l|+|Jl|+|/2|+|j21 , and* = ±l. 



2 By a summand of £t(p) we shall mean a 'paired term' of the form 
poo(hJi,hJ2) vi l j 1 ®qvi 2 j 2 + pii(hJi,hJ2) fi f\vi l j l ® qfi Aqvi 2 j 2 ) rather 



than an individual term of such a pair 
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Proof. T satisfies A\(TD, ® O) = .A2T(fJ €§> ri). So from the Lemma 
14.91 we have -Ai£r(a;) = A2^t(x) foil x £ S. Now for every x G 
5, we separately compute j4i£t(3;) and A^T^) and compare their 
coefficients. 

(i) If j4i^t(p) = ^2^t(p*)> observe that 
Aifr(p) = , l _ x y /2 aR{fi)iT{p) 

( (1 _ A v 1/2 a R {fi)v hJl ® gv/ 2 j 2 

H — (i _ a u/2 a R(fOfi A y /iJi ® ?/* A ?u/ 2 j 2 ) 

= y^(o-(J 2 , J2 )Poo (hJi, h J2 



+ Pll(hJl,l2J2)- 



X 



1/2 
/ 



(1_ uI/2 ^ 1 A V/ 1 J 1 ® ^^ 



while 



A 2 Zt(p) 
-1 



r ® r&(/,)£r(p) 



Xi 1/2 

1 



5^(Poo(^l^l, ^2^2) 7T7^ r ® Tb(fi)v hJl qv h j 2 



1 



+ Pll(/l Jl, ^2 J2)- T7 ^r ® r6(/i)/, A u /l<7l ® g/j A gvj. 



A/ 



2J2 



^2(a(h, Ji)poo(hJi,hJ2) 



(I — \ "i 1 / 2 
+ p(hJij2J2)pn(hJiJ2J2) — 2 )fif\vi lJl ®qvi 2 j 2 



and (i) follows upon comparing coemcients in the two equations 
above. 
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(ii) If Ai^,t(uoo) = ^2Ct(^oo)) observe that 

1 



Ai£t(u o) = , _ , 1/2 Qb(/i)M^oo) 

(1 _ A U/2 a ^v/t)^/iJi ® ffW/aJa 
= ^ cr(^2, J2)uoo(hJl,hJ2)fl A U/iJ! (8) gv/ 2 j 2 



while 



-42?t(woo) = 7T^ r ® r6(/;)^ T (u 00 ) 



^ u o(JiJi,l2J2)-T^r (8) Tb(fi)v hJl (8) gt>/ 2 j 2 
^V(Ii, Ji)u o(hJi,hJ2)fl Au/ij! ®qvi 2 j 2 . 



and (ii) follows upon comparing coefficients in the two equations 
above. 

Equations (m) and (if) are proved by arguing exactly as for (ii) 
above. 

As for (v), we also have 5iT(fi®f)) = S2T(0(8fi). So from Lemma 
14.91 we have Bi£t(x) = B2^t{x) for all x G 5. In particular we have 
B\Z,t{u\q) = B 2 £t(uio) We compute Bi£ T (u 10 ) and B 2 £t(uio): 



Bi£t(uio) 

= -Tj2 a RUi) 5Z u io(hJi,hJ2)fi A u/^j 8) <?f/ 2 j 2 
A z 

= 53 (* 17^ u io(hJiJ2J2)vi 1 j 1 <8 <7f/ 2 j 2 + f/iJi (8 <?// A q-tr 2 j 2 ) 

while 

£ 2 £t(«io) 

= (1 _~ A )1/2 &fl(/f )(r ® r) ^ u 1Q (hJ u hJ2)fi a ^j! gf i 2 j 2 

A l/2 

= 53(* 7i _ a ^i/2 Ul °( /lJl ' l2 ' 72 ^ / i J i ® ^/ 2 J 2 + * v /i Ji ® ?/z A g«/ 2 j 2 ) 
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where * G {+, — }. So by comparing coeficients in the expansion of 
Bi£t(uiq) and -E^Ct^io)) we find equation (y) of Lemma [4.101 D 

With foregoing notation and the assumptions on T, we have the 
following Corollary. 

Corollary 4.11. If we represent T(Q,®Q) las in eqn. \4.8\ then 

uoi = un = uio = 0. 

That is the functions Uqx, uxx and u±o are identically zero. 

Proof. This is an immediate consequence of Lemma [4.10f iii) , I4.10l fiv) 
and l4.10r v) and the assumption that X[ ^ 1/2 V7. D 

We continue to assume that an operator T G B(rt r) satisfies the 
hypothesis of the Theorem 14.71 and proceed to analyse the represen- 
tation of T(Q <8> Q) as in eqn. 



Remark 4.12. 1. Lemma \4-10\f i) implies that if (IJ,KL) are l- 
paired, then a (I, J) / a(K,L). (Tleason: Otherwise, since 
p(IJ,KL) = ±1, and \pn{LJ.KL)\ ^ 0, we must have Xi = \.) 

2. Lemma ty- 10( H) implies that ifuQo(L\J\, I2J2) / 0, then a(l2, J2) 
a(h, Ji), i.e. {-l)\h\+W = (_i)|/ 3 [+|J a |. 

Now we wish to compare the representations of T(f2 £1) for 
different Vs. 

Lemma 4.13. Let I,K <= F(V) and J,L G F(F). If a term of the 
form vjj <& qvxL appears in T(Q &) SI) with non-zero coefficient, then 
(IJ, KL) can be w-paired for at most finitely many w G F with 
w ^ JUL. 

Proof. Suppose, if possible, that {l n : n G F} is an infinite sequence 
of distinct indices such that (IJ, KL) is Z n -paired for each n G N. 
Then we may, by Remark [4.12f l). conclude that {a(L, J),a(K, L)} = 

{1,-1}. 

Deduce now from Lemma l4.10f i) that 

A l/2 

a{K, L)p 00 (I J, LK) + Vil {IJ, Kl)- l ^-— 

(\ — \ l 1 / 2 
= a(I, J)p o(IJ, LK) + *jfc(IJ, KL)± $— (4.9) 
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where * G {+, — }. Since Az„ G (e, 1 — e) \ {1/2} for all n, we see that 

A 1 / 2 ( 1 _a ) 1 / 2 

{ n _ A ' n u/2 : ra G N} and {- ^ — : n G N} are bounded sequences. 

in 

As p{\(IJ,LK) are Fourier coefficients, the sequence {]?{}(/</, L-ftT)} 

A 1/2 

converges to 0, as n — > oo. Clearly then { fix'" yTJ5 P{i(IJ-i LK) : n G 

(l—X I 1 / 2 7 

N} and {- fd — p{\(IJ,LK) : n G N} are sequences converges to 

0, as n — > oo. So from the above equation we get poo(IJ, LK) = 0. 
But we had assumed that pqq(IJ, LK) is non-zero. Hence vu®qvxL 
can not be /-paired for infinitely many I G J- with 1^ JUL. □ 

Lemma 4.14. Let I,K G F(-p) and J,L G F(.F) w#i I (£ J U L. 
Suppose an element of the form vjj ® qvKL, appearing in TQ ® 
mi/i a non-zero coefficient. Then we have (— l)l-'l + l"'l = (— l)l- K l+l- E, l. 

Proof. From Lemma I4.13( we can find alo£j such that Iq ^ J Li L 
and v/j ® gu^L is not Zo-paired. If we write TQ (g) f2 with respect to 
lo, we see that vjj guRTL appears with exactly the same coefficient 
as in the third type of sum. So by observing the Remark 14.121 with 
respect to l , see that (-1)I 7 I+I J I = (-1)I*I+W. D 

Again with the foregoing notations, we have the following Lemma 
about the coefficients of the representation of T(S1 $1). 

Lemma 4.15. poo = Pn = 0. 

Proof. Recall the equation 14. lOf i) from Lemma 14.101 



o-{I 2 ,J 2 )poo(hJij2J2)+Pii{hJi,l2J2)Ti — " 



\V 2 



1 - A,)V2 

n — a i 1 / 2 

= cr(Ii, Ji)p o(-fi J1J2J2) + p(hJ\,hh)Pi\(hJi,hh) m — 

\ 

where a(/ 2 ,J 2 ) = (-1)I /2 I+I J2 I and a(h,Ji) = (-l)l J il+l J il. But 
fromiHwe have (-l)l J al+l J al = (_i)|/i|+|Ji|. Since A, / 1/2, from 
the above equation we get p\x{I\ Jx^IzJz) = 0) which implies that 
Poo(IiJi, I2J2) = 0, since spt(Poo) = spt(pn), i.e they have the same 
support. □ 

Lemma 4.16. TQ £1 = ^x(-Zi/ 2 ) vi 1 ® qvi 2 , where the summation 
is taken over h,I 2 G F(V) with (-1)^ = (-1) |/21 . 
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Proof. So we started with a representation of TO (8 like 14.81 and by 
using the Corollary 14, 111 and Lemma [4 . 1 5 1 ended up with the following 
conclusions; 

Poo = Pn = uio = uoi = un = 0. 

Thus finally the representation of TO (8 O will be of the form 

T(0 (8)0) = } y u o(hJi, h'h) v hJl (8 qv h j 2 , 

where the summation is taken over I\, 1% £ F(V), J\, J2 £ F(J~) with 
(_l)|i"a|+|Ja| = (_i)|A|+|Ji| an d I £ ftu J 2 , for I G F. Since this is 
true for all I £ F, J±, J2 are empty sets, i.e. 

T(0<8 0) = Y^ x (,h,h) v h ®qv h , 

where the summation is taken over I\,l2 G F(V) with (— 1)' d = 
(— l)l /2 and x{I\,l2) = uqq{Ii$,I2$) are complex numbers. □ 

So finally the above Lemma 14.161 proves our theorem 14.71 

Theorem 4.17. Let T e a t {M R )' n M R , then 

T(0 ® O) C [{v 7l ^/ 2 : ii,I 2 e F(7>), (-1) 1711 = (-l) |/a| }], 

Proof. It is enough to prove that AiT(0 <g> O) = A 2 T(0 (8 0) and 
B X T(VL <8 O) = B 2 T(Q <8 O), then it follows from the Theorem STT1 

Observe that, 

yliT(0<8 0) 
1 



x /2 Ta R {fi)n ® O since T e o^M*)' 

Tf T ®n 

-1 
A/ 



^rr ® rb R (fi)n 



— r^r <g) r6 R (//)TO (8 since TeM R andr® T6 i? (/ / ) G M{, 

A 2 T{n®n). 
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So we have A\T(Q. ® 0) = A2T(£l ® £1). Again observe that, 



1 



— a * R (fi)Tn®n 



-±-Ta* R (m ® n since T G ot(M fl )' 

rn®ft 

T Tb* R (fi)v ® vn ® n 



(i-a,)V2- 
= n ~x\i/9 & fl(/0r ^ rro ® n, since r g Mr and &j(/,)r ® r g m k 

That is BiT(n ® O) = 5 2 T(fi ® 0). 

□ 

Theorem 4.18. CAE /Zow a = {a t : t > 0} zs no£ not extendable. 

Proof. It is enough to show that for some t > 0, at ■ Mr h-> M^j is 
not extendable. To prove at is not extendable, we use the Theorem 
3.7 of [BlSSJ . We observe that 

[{ya t (x)n ®Q:x£M R ,y£ a t (M R )' n M fi }] 
= [{a t (x)j/n ®n:x£M R ,ye a t {M R )' n M fi }] 

= [{(ofl(/j)a^(/ L ))*rn ® n : j,lg f(t),t e a t (M R y n m r }}. 

Now if T G at(M R )' n Mr, then from the Theorem 14.171 we have, 
T(ft®0) G K®g«/ 2 : h,I 2 6 F(P),(-l)l 7l l = (-1) |/2| |. If 5 GP, 
we notice that 

((a R (/j)a^(/ L ))*™^fi, e 9 0ft) 

= (TO ® 0, a R {fi)a* R {f L )e g ® 0) 
= 0. 

So from the above, we conclude that {yaj(x)0 ®(l:a;6 M R ,y G 
at(M R )' n Mr} is orthogonal to the vector e 9 fi, i.e. {ya<(x) : x G 
Mn,y G at(M R )' n Mr} can not be weakly total in Mr, so by the 
Theorem 3.7 of [BISSJ at can not be extendable. □ 
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Remark 4.19. It has been proved in section 5 \ABS\j that CAR flows, 
arising from quasi-free state for scalar, on type III factors are ex- 
tendable. But we have prove that CAR arising from quasi-free state 
for diagonalisable positive contractions ( in particular scalars ) are 
not extendable. So our result shows that there is some error in sec- 
tion 5 lABSf regarding the conclusion of extendability of CAR flows. 
In-fact we think that there is a mistake in the theorem 4 of section 
5 t ABSjj and for that their conclusion regarding the extendability of 
CAR flows went wrong. 

5 CCR and CAR flow 

We have aleready described CAR flow on type III factors. Let us 
describe CCR flow as follows. 

Let T-L = L 2 (0,oo) ® /C, where K, is a Hilbert space. For n = 
0, 1, 2, • • • we will write 7i n for the symmetric tensor product of n 
copies of % for n > 1 with T-L° = C The symmetric Fock space over 
H is defined as the direct sum of Hilbert spaces 



j-+(^) = X> n 



n=0 

The exponential map exp : T-L — > F + {T-i) is defined by 

n=0 V ll - 

The symmetric Fock space F + {7-L) is span closure of the vectors of 
the form exp(/) , / E %. Now for every vector / e % there is a 
unique unitary operator W(f) on F + {%) satisfies 

W{£) exp(r/) = eT^H/IKs,/) eX p( 5 + /) 

Let CCR{U) be the unital C*-algebra generated by {W(f) : / € %} 
in B{T + {T-L)). Let T be a positive operator on B(H). Then the 
operator T determines the a state on CCR{%) which satisfies the 
conditions; 

V T {W{f)) = e- 1 l 2 ^ 1+2T ^ 2 fW. 

This is called the quasi-free state with symbol T. 

Consider the Hilbert space Ht = F+CH) <8) F+iJ-L). There exists 
a representation ttt of the C*-algebra CCR{T-L) on the Hilbert space 
7~Lt = J^+CH) <S> F + (H), defined by the formula 

MW(f)) = W({1 + T) l l 2 f) ® W(qT l ' 2 f), 
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where / € 74 and q is an anti-unitary operator on H with q 2 = 1 (see 
[BrRoj . or |ArWo| ). In this representation, the state ipT becomes the 
vector state 

<Pt(x) = (O <8> £1,TTt{x)£1 <S> fi), 



for x eCCR{H), and ^ T = 7+(«) 8) J"+(W) = ir T (CCR(H))n ® O 
is the GNS Hilbert space, under the assumption that T is injective 
(and hence also has dense range). So (ttt^t,^ <8> fi) is the GNS 
triple for the C*-algebra CCR(H) with respect to the state (^t- We 
write M T = {k t {CCR{U)}" . 

Let {st}t> be the shift semigroup on H and suppose that T com- 
mutes with st for all £ > 0. Then Mt is a type III factor (see 
[Hlv| ) and the CCR flow |Arv| restricts to an E^-semigroup on My, 
a = {at : t > 0} uniquely determined by the following condition: 

a t (MW(f)) = n T (W(stf)), 

for all / G %, t > 0. This ^o-semigroup is called CCR flow of rank 
dim /C . 

Note that if T = j—^ with A 6 (0, 1), then it is well-known that 
M\ = Mt is a type III\ factor. Further, It has been mentioned in 
the section of examples of [BISS| together with |MS| that {at]t > 0} 
is equi- modular and all these Eq— semigroups on type III\ factors 
are extendable. 

Remark 5.1. Type III factors arising from quasi-free representation 
of CCR and CAR algebras with respect to the quasi-free states will 
always be hyperfinite factors (see }ArWo\j ). In particular in both the 
cases we find hyperfinite III\ factors for A G (0, 1) \ {\}- Since III\ 
factors are unique for every A € (0, 1) \ {^}, so we have two families 
of Eo-semigroups namely CAR flows and CCR flows on the same 
factor. 

Now we have the following Corollary to the Theorem l4.18l regard- 
ing the cocycle conjugacy of CAR flows and CCR flows. 

Corollary 5.2. The CAR and CCR flows arising from quasi-free 
states are not cocycle conjugate. 

Proof. Srinivasan and Margetts have proved in [MS] that CCR flows 
arising from these quasi-free states are extendable. By Theorem 
14.181 CAR flows arising from quasi-free states are not extendable. 
But extendability of -Eo-semigroup is a cocycle conjugacy invariant, 
so the result follows. □ 
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Remark 5.3. This result is surprising, since on the type I factor 
CCR and CAR flows of same Arveson index are cocycle conjugate d Arv]/ ) . 
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